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Bifurcation, Limit-Point Buckling, and Dynamic Collapse
of Transversely Loaded Composite Shells

Brian L. Wardle ¤ and Paul A. Lagace†

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The transverse-loading response of laminated composite shell structures is studied experimentally and numer-
ically. Monolithic graphite/epoxy shell structures having layups of [§§ 45n/0n]s (n = 1; 2; and 3) closely represent
commercial fuselage structures in both geometry and boundary conditions. A combined experimental and nu-
merical approach is used to assess shell response to centered transverse loading. Experimentally, load-de� ection
response and mode-shape evolutions are measured and damage resistance characterized via dye-penetrant en-
hanced x radiography and sectioning. Nonlinear � nite element analyses including buckling and dynamic collapse
are conducted for comparison to the experimental data. Modeling results allow a more re� ned interpretation of
observed bifurcation phenomena, particularly premature transition to a secondary equilibrium path attributed
to geometric imperfections. A novel � nite element technique introduced in previous work is found to be superior
to traditional methods for identifying and traversing bifurcation points in this work. A simply supported axial
boundarycondition is found to give a much more complex buckling response (bifurcationand limit-pointbuckling,
as well as dynamic collapse) than specimens with a free axial edge (bifurcation or limit-point buckling). Experi-
mental and numerical comparisons for the range of thicknesses considered indicate that elasticity of the in-plane
boundary condition and transverse shear effects need further consideration. Observed shell damage is typical of
that observed for composite plates. Results of this work give new insight into the response of composite fuselage
panels to damaging transverse events, particularly in regard to instability/buckling behavior.

Introduction

D AMAGE resistance and tolerance of � brous composite struc-
tures are of signi� cant concern to the aerospace community

becauseof the relativelylow through-thicknessstrengthand suscep-
tibilityof these structuresto damagingevents,e.g., impact causedby
tooldrop or birdstrike. In the area of damage resistance, the trans-
verse loading of composite plate structures has been studied ex-
tensively, whereas relatively little work has been completed with
composite shells.1– 3 Distinct differences in plate and shell struc-
tural response4 – 9 and/or damage mode and extent7 , 10 , 11 have been
observed and linked to shell buckling. Because of these observed
differencesin plateandshelldamage resistancecharacteristics,there
is a substantialneed to better characterize/understandshell response
(particularly buckling) to transverse loading in order to better ad-
dressdamage toleranceconcernsfor compositeaerospacestructures
(e.g., wing and fuselage).

Transversely loaded composite shell response involves non-
linear geometric/kinematic couplings, large rotations, and also
buckling. Analytical and numerical studies, particularly � nite el-
ement analyses, have sought to characterize the elastic response
of isotropic and composite shells to static transverse loading, e.g.,
Refs. 4 and 12–17, and also to impact, e.g., Refs. 4, 9, 18, and 19.
The static response is of interest because quasi-static testing of
composite plates and shells oftentimes gives a response, including
damage state, equivalentto impact loading.20– 28 Previousnumerical
work has focused on calculating the limit-point buckling response,
which is characterized by similar (and symmetric) pre- and post-
buckling deformation modes. Recent experimental and numerical
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work has shown that for these types of shell structures, bifurca-
tion buckling must also be considered.11 , 29– 32 Bifurcation is char-
acterized by dissimilar prebuckling (symmetric) and postbuckling
(asymmetric) deformation states. In the response of arches, bifur-
cation involves a transition from a primary path (deformationmode
symmetric with respect to the arch center) to a secondary path (de-
formation mode asymmetric, or inextensional33, 34 ). Recent experi-
mental and numerical work shows that bifurcation plays a key role
in the response of transversely loaded shells.

The objective of the present work is to understand better com-
posite shell response (particularlybuckling and damage resistance)
to centered, transverse loading through experimentation and � nite
elementmodeling.The geometryand loadingare of interestbecause
of low-velocity impact damage concerns to primary aircraft struc-
tures such as the fuselage of a commercial transport. Finite element
modeling was undertaken to give additional insight into the experi-
mental shell response, including damage resistance. The measured
response, particularly buckling phenomena, can be more clearly
understood by comparison to elastic buckling predictions from the
� nite element models. Finite element comparisons to the measured
responsealso give insight into modelingassumptions,which need to
be furtherre� ned to obtaina truepredictivecapabilityfordamagere-
sistance. Within the combined experimental/numerical framework,
the effect(s) of changing shell thickness and boundary conditions
on the response are particularly studied. Results using boundary
conditions from a typical (plate and shell) test con� guration30 – 32

and those representinga fuselage section are compared to facilitate
a better understanding of a realistic structural response to a trans-
verse loading event. Shell thickness has been shown in previous
work to strongly affect the buckling and damage response of com-
posite shells7 and is further explored herein with the more realistic
con� gurations(boundaryconditions). Through these speci� c explo-
rations, a better understanding of the transverse-loading response,
particularlydamage resistance,of fuselagelikecompositeshells can
be attained.

Approach
Because of complexities in the loading and the existence of dis-

continuities,it is dif� cult to studydamageissuesbydirectanalysisof
a speci� c full-scaleaerospacecomponentsuchas a fuselageorwing.
Therefore, it is desirable to obtain a more general understandingof
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Fig. 1 Illustration of generic specimen showing radius, span, thickness
(variable), ply angle, loading, boundary conditions, and locations for
mode-shape evaluation.

damage issues via a much simpler structural element. The general
understanding can then be applied to speci� c cases as appropri-
ate. This simpler structure needs a proper resemblance to the actual
structure in that it should have the same geometrical characteris-
tics and loading conditions. With this in mind, a fuselage section
is considered. This structural element is a singly curved cylindri-
cal composite shell with a rectangularplanform that has previously
been investigated in experimental impact and quasi-statictests.30, 35

The static idealization is justi� ed because of the equivalenceof im-
pact and quasi-static responses previously demonstrated for these
types of structuresand impact regimes of interest.28 Thus, the trans-
verse static loading of this structural element is studied in an effort
to understand the shell response, particularly buckling and damage
resistance.

The composite shells studied are manufactured from Hercules
AS4/3501-6 graphite/epoxy prepreg tape in a [§45n /0n ]s layup.
This layup and material system have been used previously in both
damage resistance7, 11 , 28, 30 and tolerance studies.36 The orientation
of ply angle h with respect to the specimen axes and structural pa-
rameters is identi� ed in Fig. 1. Individual plies have a thickness
of 0.134 mm and are grouped to create effective plies. The scaling
parametern takeson thevalues1, 2, and3 to give threedifferentlam-
inate thicknesses: 0.804, 1.608, and 2.412 mm (6, 12, and 18 plies,
respectively). Specimens are designatedby thickness Tn , where the
subscript refers to the scale factor n. Geometric characteristics of
the shells studied correspond to values for a commercial fuselage
structurehaving a radius of 1.829 m (72 in.), span (stringer spacing)
of 305 mm (12 in.), and width equal to the span (square planform).

The currentwork buildson previouswork with similar composite
shell structures,31, 32 which exploredresponsedifferences,primarily
caused by buckling,betweencompositeplates and shells. In the cur-
rentwork, laminatedcompositeshellswith boundaryconditionsthat
closely represent a commercial transport fuselage section are stud-
ied. The idealizedshell boundaryconditionsin this work are hinged
(no in-plane sliding) along the circumferentialshell edges and sim-
ply supported (in-plane sliding allowed) along the axial edges as il-
lustrated in Fig. 1. The true boundaryconditionof a fuselage section
bordered by frames and stringers lies somewhere between simply
supported and fully clamped. Thus, the boundary conditions used
in this work are a reasonable idealization of a fuselage section.

Shell response in this work is evaluated both experimentally and
numerically(� nite element analyses). A test � xtureused in previous
work to create a hinged condition along the circumferential edges
is modi� ed to restrain also the shells along the axial edges (simply
supported condition) while still maintaining the hinged condition.
Load-de� ection and mode-shape data are used to characterize the
shell response. A series of two test types is used to study each
specimen type (thickness): the � rst “load” test characterizes the
overall specimen response up to failure or collapse, and the second
“mode” test is used to obtain a detailed series of mode shapes at
critical points in the specimen response. These critical points are
determined from the load test of the same specimen type. Thus, a
totalofsix specimenswere tested.Mode-shapedataacquiredat three
axial locations (see Fig. 1) are used to identify asymmetries in both
the circumferential and axial shell directions. Damage resistance

is experimentally characterized via x-radiography and sectioning
to assess whether asymmetric (atypical) damage forms away from
the loading site. Such damage has not previously been reported
but has been hypothesized32 because of the dominant asymmetric
(bifurcation) mode that causes the maximum change in curvature
along the shell to occur away from the loading site where damage
typically forms for composite plate structures.

Nonlinear � nite element models are used to predict the elastic
structural response, particularly buckling behavior, of the compos-
ite shells. A key consideration in the � nite element modeling is
the predictionof limit-point vs bifurcationbuckling from nonlinear
prebuckling states. A novel asymmetric meshing technique (AMT)
for inducing bifurcation in the � nite element models29, 37 is used to
assess bifurcationpoints and postbucklingbehavior. The numerical
shell models are used to interpret the experimental data better and
also to assess modeling assumptions that need to be addressed in
further work for these types of shell-bucklingproblems. Numerical
and experimental results for the shells in this work (simply sup-
ported axial boundary condition) are comparedwith the responseof
the same specimen types with a free axial boundary condition30, 32

to determine the effect of the more realistic (fuselage) boundary
condition on the resulting response.

Experimental Speci� cs
An overview of the experimental procedures is given in this sec-

tion. Detailed information on the experimental procedures can be
found in Ref. 29.

Specimen Preparation
Shells were manufactured using standard layup and cure pro-

cedures for this material system,38 except that the laminates were
cured on specially designed cylindricalmolds. Laminates were laid
up by hand and processed using the standard manufacturer’s cure
cycle of a 1-h � ow stage at 116±C and a 2-h set stage at 177±C.
This was conducted in an autoclave under vacuum with 0.59 MPa
externalpressure.Laminates were postcuredin an ovenat 177±C for
8 h and subsequently cut to the desired dimensions using a water-
cooleddiamond-gritcuttingwheel. Final specimendimensionsafter
cutting are 305 mm (12 in.) spanwise and 314 mm (12 3

8 in.) width-
wise. The width is slightly greater (9.53 mm) than the span because
the shells displace in-plane (x direction in Fig. 1) during testing at
the axial simple-support boundary condition. The black composite
shells are painted with � at-white spray paint using the procedure
established previously,29, 30 as required by the laser transducer that
measures de� ection mode shapes.

An evaluation of the manufacturing technique for the specimens
in this work shows that the specimenquality (radiusand thickness) is
acceptable.Thicknessand radiusvaluesaveragedover all specimens
arewithin3% (thickness) and7%(radius)of thenominalvalueswith
acceptable coef� cients of variation (less than 4% for both thickness
and radius). Average measured radius and thickness values for each
specimenin this work are provided in Table 1 along with the percent
difference from the nominal values.

Test Fixture
The shells were restrained in a test � xture that approximates

boundary conditions of pinned/no in-plane sliding (hinged) on the
circumferential edges and simply supported on the axial edges

Table 1 Radius and thickness data

Radius Thickness

Average, Difference, Average, Difference,
Specimena mm %b mm %b

T1 load 1978 +8.2 0.822 +2.3
T1 mode 1959 +7.1 0.836 +3.9
T2 load 1942 +6.2 1.634 +1.6
T2 mode 1968 +7.6 1.526 ¡ 5.1
T3 load 1959 +7.1 2.493 +3.4
T3 mode 1915 +4.7 2.334 ¡ 3.2

aIndicates specimen type (thickness) and test type.
b Indicates percent difference from the nominal value.
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(in-plane refers to the curvilinear shell plane, x and y directions in
Fig. 1). A specially designed test � xture from previous work11 , 30, 35

was modi� ed for use in this work, preserving many of the essen-
tial features. The original � xture provided hinged circumferential
edges for both shallowand deep shells, but allowed free axial edges.
This � xture was modi� ed by adding supports to the axial edges to
achievethe simplysupportedconditiondesired in thiswork.On each
shell edge the axial support consists of upper and lower restraints
that make contact with the upper and lower surface of the 1.829-m
(72-in.) radius shell edge. The upper and lower axial restraints con-
tact the shell via knife edges with rounded corners having radius
of 4.76 mm ( 3

16
in.). The edge of the axial shell rests between the

upper and lower knife-edge restraints so that transverse displace-
ment (z direction in Fig. 1) is restricted, but rotation and in-plane
displacement(x and y directions) are allowed. Further details of the
specimen setup and placement in the test � xture can be found in
Ref. 29.

Quasi-Static Testing and Mode-Shape Measurement
Two types of testing were conducted: load tests to assess the

overall loading responseand mode tests, which give detailedmode-
shape evolutions. The load tests are performed � rst to characterize
experimentally the loading response over the entire regime of inter-
est. The regime of interest includes all behavior until an instability
is observedor until large-scaledamage is observed. Instabilitiesare
observed during testing by monitoring a real-time plot of load vs
elapsed test time. As stroke increases linearly during the test, this is
equivalent to observing a load-de� ection plot. Instabilitiesare indi-
catedby a gradual reductionin the slopeof the load vs time plot until
the load decreases.Damage formation is indicatedby loud cracking
and poppingnoises during testing as well as the formationof visible
matrix crackson the paintedconcavesurfaceof the shell directlyun-
der the indentor.In the mode tests the strokeis held at predetermined
positions so that mode shapes can be assessed. The stroke (center
de� ection) positionsare determinedusing load-de� ection data from
the load tests such that a suf� cient number (typically six or seven)
of evenly spaced mode shapes are acquired to characterize the shell
(buckling) response.Additionalmodeshapesare consideredif inter-
esting points are identi� ed on the initial (load test) load-de� ection
plots.

All tests are run in stroke control on an MTS-810 uniaxial hy-
draulic testing machine with an Instron 8500+ digital controller.
Stroke resolution on the controller is 10 l m. Shells are loaded us-
ing a 12.7-mm-( 1

2
-in.)-diam hemispherical steel indentor. Load is

acquired with a PCB model 208A04 22240 N (5000 lb) force trans-
ducerwith resolutionof 0.09N (0.02 lb).Discretizationof theanalog
data by the A/D board limits the recorded load resolution to 0.27 N
(0.06 lb) but does not limit the stroke resolutionof 10 l m. A stroke
rate of 0.05 mm/s is used for both loadingand unloadingwith a data
(load and stroke) sampling rate of 1 Hz to allow the tests to proceed
quasistaticallyand the response to be adequately characterized.

A noncontacting laser transducer with resolution of 10 l m is
used to survey shell-de�ection mode shapes during testing. The
laser shines against the concave painted surface of the shell with
a beam spot of 1 mm in diameter. The laser is mounted on a tra-
verse assembly speci� cally designed to assess mode shapes during
testing of shells.30 The traverse has continuous movement in the
spanwise (shell) direction and discrete axial positions in 12.7-mm
( 1

2 -in.) intervals. Mode shapes were evaluated at three axial loca-
tions: along the axial centerline (directly under the indentor) and at
76.2 mm (3 in.) on either side of the centerline (see illustration in
Fig. 1). The discrete axial location of the laser is known at all times
but the spanwise position, being the direction of continuous move-
ment, is measured using a rack-and-pinion system connected to a
potentiometer,which providesa linearlyvarying voltage with span-
wise position. Using the data acquisition system already described,
the spanwise position is known within 0.5 mm and the shell height
within 10 l m.

Damage Evaluation
All specimens were evaluated for damage after testing using

x-radiography39 , 40 and sectioning/microscopy. After each test is
complete, a 0.79-mm-( 1

32 -in.)-diam hole is drilled through the

Fig. 2 Sample planar x radiograph show-
ing damaged region and ply orientation.

thickness of the specimen at the center of the loading site. Flash
tape is applied to the concave side of the specimen, and a dye is
injected with a syringe into the hole on the convex surface. The x-
ray opaque penetrating dye is 1,4 diiodobutane (DiB), which seeps
into cracks and delaminations in the specimens through capillary
action. Dye-penetrant enhanced x-radiography provides a view of
the damage state, typically matrix cracks and delaminations, that
is integrated through thickness. DiB-soaked portions of the shell
specimens, where the dye has soaked into matrix cracks and de-
laminations, show up as dark areas in the x rays. A sample x-ray
photographshowing a large delamination is provided in Fig. 2. The
x-ray photograph is of the damage state looking down at the con-
vex side of the shell. The large damage (delamination) axis is along
the 45-deg ply with a smaller delamination at ¡ 45 deg. The small,
light, circular region at the center is the hole for injecting the dye,
and the dark line at 45 deg is a long matrix split in the ply on the
concave side of the shell. Shorter matrix splits can also be seen at
¡ 45 and 0 deg. X radiographs are a planar projection of a curved
surface resulting in a smaller damage length in the photograph.This
reduction in damage length is less than 0.2% in the circumferential
direction (maximum effect), which is negligible.

Sectioning gives through-thicknessdamage details and provides
a means for investigatingdamage away from the loading site. Spec-
imens were cut with a diamond-grit wheel into four sections at the
three axial locationswhere the mode shapes are evaluated.The sec-
tioned axial edges are then polished with a rotating felt bob using
a slurry of 0.5-l m grit and water. This creates a surface needed to
identify through-thicknessdamage with a microscopeusing a mag-
ni� cationof 30–40 £ . Matrix cracksappearas light lines throughthe
darker matrix, and delaminationsappear as lightenedareas between
plies (or ply groups) and are clearly visible in the region of loading.

Finite Element Analysis
Numerical work in this investigation focuses on predicting the

nonlinear elastic response of shells with particular attention to both
bifurcation and limit-point buckling. Previous analyses of similar
shellshave focused solely on limit-pointanalysesof shells with free
axial edges, e.g., Refs. 4, 8, 12–17, 19, and 41– 44. Only recentlyhas
bifurcation buckling been considered along with limit-point buck-
ling for these shell geometries using a novel technique for induc-
ing bifurcation within nonlinear � nite element analyses.29 , 37 The
AMT37 is used in this work to assess bifurcation using the STAGS
� nite element code available at the Structural Materials Branch
of NASA Langley Research Center.45 STAGS is used extensively
to analyze the nonlinear response and stability of composite shell
structures.

The 410 shell element available in STAGS is used for its appli-
cability to the thin-shell structures in this work.46 This workhorse
element in the STAGS code employs the nonlinear Kirchhoff–Love
shell hypothesis that ignores transverse shear. However, it is known
to be extremely accurate for modeling thin-shell structures. It is
a displacement-based, four-node, quadrilateral, C1 shell element
having a cubic (translations and rotations) bending � eld and a lin-
ear/cubic(in-planetranslation/transverserotations)membrane � eld.
The 410 element has three translational and three rotational de-
grees of freedom per node and also includesdrilling rotational stiff-
ness. The true Newton capability within STAGS is used to solve
iteratively the resulting nonlinear equations. Arbitrarily large rota-
tions, but small strains, are modeled using the standard corotational
procedure41 in STAGS, and limit points are easily traversed using
the Riks arc-length procedure.47

Quarter- or half-symmetrywas not assumed in this work because
a full model of the shell is required to investigate bifurcation, i.e.,
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Table 2 AS4/3501-6 ply data

Property Value

E11 142 GPa
E22 9.81 GPa
G12 6.00 GPa
m 12 0.3
q 1640 kg/m3

Ply thickness 0.134 mm

symmetry is not present because of the asymmetric deformation
mode associatedwith the bifurcationpath.As discussedalready, the
AMT is used in this work to investigatebifurcation.Using the AMT,
a numericalperturbationis introducedinto the stiffnessmatrix of the
shell model by meshing the structure asymmetrically.The resulting
perturbedstiffness matrix in the nonlinearmathematicalmodel acts
to induce bifurcation in the same way as geometric and loading
imperfections in traditional techniques.This allows the bifurcation
response of the structure to be obtained directly, if it exists. Finite
element results in this work using the AMT represent converged
bifurcation or limit-point buckling solutions for the shells studied
and have been validated by comparison to traditional techniques
for inducing bifurcation.29 , 37 Although the AMT solutions were
con� rmed by traditionaltechniquesfor evaluatingbifurcation,these
traditional techniques had dif� culty identifying and traversing the
bifurcation points in this work, whereas the AMT encountered no
such problems.A complete formulationand discussionof the AMT
is presented in Refs. 29 and 37. Shell discretization is summarized
here: 20 elements and 17 elements in the axial and circumferential
directions, respectively, are used to discretize specimen T1; 20 and
19 elements, respectively, are used for specimens T2 and T3.

Effective laminate properties for the composite are computed
within STAGS using the ply material properties given in Table 2.
Experimentallydeterminedvaluesof radius (see Table 1) are used in
theanalysisalongwith nominal laminateproperties,includingthick-
ness.Experimentaland nominalvaluesof width and span are identi-
cal because of the design of the test � xture. A right-handed,orthog-
onal, curvilinear coordinate system, as shown in Fig. 1, is used to
identifytheboundaryconditionsused in theanalysis.Displacements
(u, v , and w ) and rotations(Rx , Ry, and Rz) are takenalong/around
the x , y, and z axes, respectively.The circumferentialedge (hinged)
constraint is represented in the model by setting all nodal displace-
ments and rotationsto zero (u =v =w = Ry = Rz =0) except rota-
tionabout the x axis (Rx ), wherezeromoment is enforced.The axial
edge constraintis representedby setting the transversedisplacement
w and rotationabout the x axis (Rx) equal to zero,whereas the other
displacementand rotationdegreesof freedomare unrestrained(zero
force or moment). The shells are point-loadedin all cases at the cen-
ter of the shellsurface.Detailsof the loadingused in theexperiments,
i.e., loading by a small (relative to shell dimensions) hemispherical
indentor, were not included in the � nite element models.

Results and Discussion
Experimental and numerical load-de� ection and mode-shape

evolutions are used in this work to describe the buckling behav-
ior of the composite shell structures. In using these results, it is
� rst useful to compare experimental results from the two test types
(load and mode) conducted to understand the repeatability of the
tests and thus establish that data from the two test types can be used
interchangeablyto describe a specimen’s response. Following this,
general characteristicsof the shell-bucklingresponse are discussed
using both the numerical and experimental results. Thus, a gen-
eral descriptionand terminology for the shell response is provided,
which subsequently is used in discussing effects such as thickness
and boundary conditions on the resulting response. This section
closes with a discussionof the damage resistanceof the shell struc-
tures tested and implications of these results for further damage
resistance studies.

Load- and Mode-Test Comparison
As already discussed, a total of six specimens were tested in this

investigation in two types of tests: three thicknesses each tested in

Fig. 3 Measured force-de� ection response for specimen T2 from load
and mode tests.

a load and mode test. A comparison of the loading and unloading
response for these two test types is provided in Fig. 3 for specimen
T2 . The load test in Fig. 3 was performed � rst to characterize the
overall loading response of this specimen type. The initial soften-
ing and then nonlinear stiffening of the response is typical of that
observed for shells in this work. Signi� cant hysteresis in the un-
loading response is also typical and is expected based on previous
work with similar composite shells.30 Hysteresis is typicallyassoci-
ated with damage and/or indentation formation at the loading site.
Increased hysteresis in the load test is expected because this spec-
imen was loaded to a higher peak force than the specimen in the
mode test and thus has incurred more damage. The loading portion
of the curve is noted to be quite similar in both test types except
for small deviationsfrom a smooth response in the mode test where
stroke was held so that de� ection mode shapes could be assessed.
In the mode test in Fig. 3, mode shapes were taken at values of
center de� ection (stroke) of 2.0, 4.0, 6.0, 8.0, 12.0, and 16.0 mm.
Deviationsat held-strokevalueswere noted for all specimens.How-
ever, as found in previous work,30 the load generally returns to the
originalpath when loadingrecommences.Thesepointsare thuscon-
sidered unimportant and are justi� ably ignored in subsequent dis-
cussion.

The response comparison for specimen T2 in Fig. 3 is typical
of that for the other two specimen thicknesses considered in this
work, i.e., apart from small deviations at the held-stroke positions
in the mode tests, the response for the two test types is the same.
Furthermore, mode shapes taken during the load tests are in ex-
cellent agreement with the mode-shape progression from the mode
tests. (Note that mode shapes cannot be directly compared between
the two test types because they were taken at different held-stroke
positions.) Given the repeatability of the response for each speci-
men thickness, documented in detail in Ref. 29, mode-shape and
load data from the load and mode tests are used interchangeablyto
describe the responseof each specimen type (thickness) throughout
this work.

General Shell-Buckling Characteristics
The � nite element results presented in Fig. 4 for the load test

of specimen T1 serve to illustrate the range of nonlinear behavior
and bucklingphenomenaobservedin this work. The responseof this
shell is quite complex, involvingnonlinearprebuckling,bifurcation,
an unstable postbifurcationpath, and dynamic collapse after a limit
point. Consideration of the elastic response of this specimen illus-
trates shell-buckling phenomena and aids in the further discussion
of the response of all specimens tested in this work.

Three stable equilibrium paths are marked in Fig. 4: the � rst (I)
is the initial shell response involving symmetric deformations, the
second (II) is a stable path that involves asymmetric (bifurcation)
deformationmodes,and the third (III) occursafter the shell reachesa
limit point and collapses dynamically.The initial portion of the � rst
equilibriumpath (I) of specimen T1 is nonlinear,with an initial soft-
ening responsebelow2 mm of applied center de� ection followedby
a stiffeningresponseuntil the bifurcationpoint at a center-de�ection
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Fig. 4 Predicted load-de� ection response for specimen T1 showing bi-
furcation, limit-point buckling, dynamic collapse, and three (stable)
equilibrium paths (I, II, and III).

Fig. 5 Predicted central spanwise deformation modes for mode test of
specimen T1 at different values of center de� ection wc.

value of 7.1 mm. Prior to bifurcation, shell deformation is
characterized by deformation modes that are symmetric with re-
spect to the loading (shell center) in the circumferential (spanwise)
directionas illustratedin thecentralmode-shapeevolutionsin Fig. 5.
At the critical point the shell bifurcates to an unstable path associ-
ated with asymmetric mode shapes. The unstable path is character-
ized by decreasing load and de� ection at the loading point, but has
associatedwith it increasingamplitudeof the asymmetric deforma-
tion mode. This path would thus not be found in a de� ection- or
load-controlled experiment because it is unstable for both of these
loadings. It is possible to evaluate this path in the � nite element
analysisbecause of the path-parameteralgorithmused to increment
the loading, i.e., a combination of load and de� ection control are
used in the analysis to obtain this unstable path.

The asymmetric bifurcation mode associated with bifurcation is
very similar to the well-known inextensional mode in simple arch
analyses34 and can be clearly distinguished in the central spanwise
mode shape at a center-de�ection value of 8.0 mm in Fig. 5. (Note
that the mode at a center-de�ection value of 6.0 mm is on the � rst
equilibrium path and not the unstable or secondary paths.) The un-
stable bifurcationpath lies very close to the primary (I) equilibrium
path and is noted to decrease in both load and de� ection from the
bifurcationpoint to approximately40 N and 3.8 mm, respectively,in
Fig. 4. At this point the response resumes loadingon a secondstable
equilibriumpath (II) that leads to a secondcriticalpoint.This second
criticalpoint is a limit pointand is not associatedwith bifurcation(no
eigenvaluesare indicated at this point in the analyses). Limit points
are typicallyassociatedwith nonlinearcollapse involvingonly sym-
metric (pre- and postbuckling) deformation states. However, at the
limit point in Fig. 4, both asymmetric and symmetric modes are
present because bifurcation occurs before the limit point is reached

Fig. 6 Comparison of experimental and numerical load-de� ection re-
sults for load test of specimen T1. Numerical results incorporating an
asymmetric spanwise geometric imperfection show direct transition
from the � rst to the second equilibrium path.

(see mode at center-de�ection value of 10.0 mm in Fig. 5). After
reaching the limit point, the shell collapses dynamically to the � nal
(tertiary, III) equilibriumpath,which correspondsto a fully inverted
con� guration as illustratedby the mode at a center-de�ection value
of 12.0 mm in Fig. 5, i.e., the convex shell collapses into a concave
con� guration.In this regionof dynamic transition,shell inertiamust
be accounted for in a fully dynamic analysis wherein the equations
of motion for the shell are integrated in time. This was done in the
current work.

Load-de� ection data from the load test for specimen T1 are com-
pared with the � nite element results in Fig. 6. Experimentally, the
shell � rst experiences a period of load-softening below approxi-
mately 3 mm of appliedcenterde� ection.Above3 mm, the response
stiffens slightly until the load suddenly drops at a center-de�ection
value of 8.5 mm. At the load drop the shell audibly popped during
testing,and the test was manually stoppedand held at 8.9 mm of de-
� ection to take mode-shapemeasurementsbefore the specimen was
unloaded. As this specimen was undamaged internally (sectioning
and x radiography), the sudden load drop and associated popping
is attributed to dynamic buckling at a critical point. This same crit-
ical point is also evident in the loading and unloading portion of
the load-de� ection response for the mode test of specimen T1 . In
the numerical results for specimen type T1 (see Fig. 4), bifurcation
involves an unstable postbifurcation region wherein both load and
de� ection decrease simultaneously. In stroke (de� ection) control,
such as that used in the experiments, the shell would dynamically
snap at the bifurcation point directly to the stable second equilib-
rium path, consistent with increasing the de� ection at the loading
point. Ignoring dynamic effects, an ideal de� ection-controlledsnap
is illustrated in Fig. 6, using the numerical results from the load test
of specimen T1 .

Comparison of the experimental and numerical results allows a
much clearer interpretationof the observedshell-bucklingbehavior
of specimen T1. Whereas the initial portionof both responsescorre-
spond in Fig. 6, the experimental response departs from the model
results prior to the predicted bifurcation point in Fig. 4 and appears
to follow the second equilibrium path from its initiation at a center-
de� ection value of 3.8 mm (or a load of 40 N). It is hypothesized
that the test specimen bifurcatesdirectly to the predictedsecond (II)
equilibrium path, likely because of loading or geometric imperfec-
tions as hasbeensuggestedfor similarcases.48 – 50 This interpretation
can be con� rmed because of the mode-shape data acquired in the
experiments. Considering the experimental mode-shape data pro-
vided in Fig. 7 and the numerical mode shapes in Fig. 5, the test
specimen is noted to bifurcate between center-de�ection values of
2.0 and 4.0 mm. This is consistent with joining the second equi-
librium path, rather than continuing along the primary equilibrium
path associated with symmetric deformations. A spanwise geomet-
ric imperfection in the form of the asymmetric bifurcation mode
(maximum amplitude equal to one shell thickness) included in the
� nite element model induces precisely this transition as shown in



512 WARDLE AND LAGACE

Fig. 7 Measured central spanwise deformation modes for mode test of
specimen T1 at different values of center de� ection wc.

Fig. 8 Numerical and experimental load-de� ection results for speci-
mens with different thickness.

Fig. 6. Therefore, becauseof the comparisonwith numericalpredic-
tions, the observed response of specimen T1 is understood to bifur-
cate in a stable manner to an adjacent equilibrium path (secondary
equilibriumpath, II) rather than continuealong the primary path (I).

Effects of Geometry and Boundary Conditions
In previous experimental work with similar composite shells,

varying thickness has been shown to affect strongly the initial and
overall (secant) stiffness of the structures tested because of its con-
tribution to both bending and membrane stiffness of the shell.7 Nu-
merical load-de�ection responses for the three specimens, as well
as experimental results for specimens T2 and T3, are presented in
Fig. 8 for comparison. It is immediatelyobvious that thicker panels,
as expected, are stiffer both initially and overall. Both the load and
de� ection range associated with the bifurcation point (instability
region) decreases signi� cantly with thickness, as can be noted by
comparing the numerical responses of specimens T1 and T2 . This
instability region associated with the bifurcation point disappears
altogether in the numerical response of specimen T3. The de� ection
associated with the critical points at both the � rst bifurcation point
and the second critical (limit) point are noted to be approximately
independent of thickness. Bifurcation occurs at a center-de�ection
value of approximately7.0 mm, and the second local maximum oc-
curs at a value of approximately 10.5 mm for all specimen types in
the numericalwork. However, the loads associatedwith thesepoints
clearly increasewith increasing specimen thickness.The consistent
values of de� ection associated with buckling for specimens of dif-
ferent thicknesshave been noted in previous work with arches (e.g.,
Ref. 51) and is related to the typical shell-heightparameter.As a re-
sult, shell height is oftentimesused to nondimensionalizetransverse
deformationsof archesand shells,e.g.,Refs. 5 and52.Nominal shell
height for the shells in this work is 6.4 mm, which is slightly less

than the displacementcorrespondingto bifurcation(7.0 mm). How-
ever, the out-of-plane deformations vary from a maximum at the
shell center to zero at the restrained axial edges. Thus, these shells
do not deform as arches, but they do share the geometric charac-
teristic that buckling occurs at a constant value of center de� ection
approximately corresponding to the shell height.

A characteristicof the experimentaldata relative to the numerical
predictionsis that the data generally represent a more compliant re-
sponse. (See the numerical and experimental load-de� ection results
in Figs. 6 and 8.) The experimental response is in good agreement
with the numericalresultsfor the thinnestspecimen(T1 ), as shownin
Fig. 6, but the experimental and numerical results diverge at higher
loadings, as shown in Fig. 8. Buckling is not evident in the load-
de� ection data for the two thicker specimens (T2 and T3 ), nor is
an asymmetric bifurcation mode observed in the mode-shape evo-
lutions even though bifurcation is predicted in the numerical work
(e.g., bifurcationis predicted to occur at a center-de�ection value of
7.1 mm in Fig. 8 for specimen type T2 ). These observationsare con-
sistent with � ndings in previous work with composite shells having
free axial edges29 , 31 and can be understood with regard to model-
ing assumptions. The analysis does not include transverse shear or
accountfor experimental realitiessuch as complianceof the test � x-
ture (elastic, not rigid, circumferentialboundarycondition), contact
behavior at the loading point, or damage. All of these effects act to
make the experimental responsemore compliant than the numerical
results, as well as delaying or eliminating bifurcation entirely. The
trend of increased compliance (and disagreement) between the ex-
perimentaland numerical results as thickness increases is caused by
a decrease in relative stiffnessof the test � xture as compared to that
of the shells, deformation at the loading site caused by shear, and/or
damage. The magnitudeof the complianteffect, coupledwith previ-
ous work consideringthe effect of transverseshear on the transverse
loading response of composite shells14 and lack of damage in some
cases, indicates that test-� xture compliance is the most reasonable
explanationfor the observednumerical/experimentaldisagreement.
However, all three modeling assumptionsneed further explicit con-
sideration from a relative perspective and are recommended for fu-
ture work.

A secondary effect of the experimentalboundaryconditions, this
time a contribution from the axial supports (simple-support bound-
ary condition), is also notedwith regard to deformation-modeasym-
metries in the axial direction. Experimental and numerical left and
right spanwise mode shapes for specimen type T1 are provided in
Figs. 9 and 10, respectively,to illustrate this responsecharacteristic.
As with the central spanwise mode shape, bifurcation is clearly evi-
dent in the experimental asymmetric left and right spanwise modes
beginning at a center-de�ection value of 6.0 mm. Comparing the
left and right predicted modes in Fig. 10, these modes are noted
to be quite similar apart from a small spanwise asymmetry in each
mode, which is noted to be axiallyantisymmetricwith respect to the
shell center (loading point). This axial antisymmetry has been pre-
viously discussed for composite shells of this type and is attributed
to bending-twistingcoupling in the composite laminate31 , 32 (i.e., if
the shell were isotropic, the left and right modes would be identi-
cal). Apart from the slight axial antisymmetry observed in all left
and right mode-shape comparisons, the left and right numerically
evaluated modes are similar, i.e., there is symmetry in the axial di-
rection. However, the experimental modes in Fig. 9 do not show
this same agreement directly after bifurcation. This is clearly evi-
dent in the mode at a center-de�ection value of 10.0 mm, where the
right mode indicates that the shell edge (at the hinged boundaries)
has snapped through to an inverted con� guration, whereas the left
mode has not invertedat the (left) boundary.Thus, an axialasymme-
try, apart from the bending-twistingantisymmetry, is evident in the
experimental data that is not predicted numerically.The hypothesis
is made that imperfect axial boundary conditions,particularly fric-
tional loadingdifferencesbetween the two axial boundaries, induce
this axial asymmetry.

Effects of the axial boundarycondition(free vs simply supported)
are assessed directly by comparing experimental and numerical
load-de� ection responses. Experimental data for specimens with
free axial edges have been reported previously.32 The experimental
and numerical loading responses for specimen type T1 , using the
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Fig. 9 Measured left (top) and right (bottom) spanwise deformation
modes for mode test of specimen T1 at different values of center de� ec-
tion wc.

two different axial boundary conditions, are presented in Fig. 11.
The two experimental load-de� ection responses display similar
behavior prior to bifurcation of the unrestrained specimen at a
center-de�ection value of approximately 3.0 mm. Results from the
numericalanalysesfor the same specimensalso show similar behav-
ior prior to bifurcation of the unrestrained specimen. The analysis
shows that, in the region of loading prior to bifurcation, shells with
these two different axial restraints deform similarly. This explains
the similarity in the loading response prior to bifurcation. Similar
behavior is generally noted prior to buckling for the other two spec-
imen types (T2 and T3 ), with excellent agreement noted between
the numerical responses prior to bifurcation. The unrestrained ex-
perimental loading response for these two thicker specimen types
is noted to be slightly more compliant than the simply supported
cases prior to bifurcation.The increased compliance (and disagree-
ment) is more pronounced as thickness increases, as illustrated in
the experimental load-de� ection comparisons in Fig. 12 for spec-
imen types T2 and T3. The hypothesis is made that this trend is
also because of test-� xture compliance at the hinged (circumferen-
tial) edges. Test-� xture compliance in the circumferential direction
would affect the axially simply-supported specimens less strongly
because a percentage of the transverse load is reacted through the
axial supports rather than entirely through the (compliant) hinged
circumferential boundary.

The responsecomparisonfor specimentype T1 in Fig. 11 is typical
of those for the other two specimen types (thicknesses) with regard
to differencescausedby theaxialboundarycondition.The responses
are similar prior to bifurcation for the unrestrained specimens, but
the critical (bifurcation) loads for the simply supported specimens
are noted to be much higher than for the unrestrained specimens,
e.g., 127 N vs 25 N for specimen type T1 . The bifurcation point for
the simply supported specimen has associated with it a secondary
(bifurcation)path that is unstablein both load and de� ectioncontrol.

Fig. 10 Predicted left (top) and right (bottom) spanwise deformation
modes for mode test of specimen T1 at different values of center de� ec-
tion wc.

This is not observed for the unrestrained specimens that have a
response (e.g., as in Fig. 11) that is unstable only in load-control.
In the numerical results for axially simply supported shells in this
work, bifurcationoccurs from the � rst equilibriumpath (symmetric
deformation modes) to the second equilibrium path (asymmetric
deformation modes) before collapsing at a limit point. In contrast
to the axially unrestrainedshells, asymmetric modes are associated
with the limit point for the axially simply supported shells caused
by the prior bifurcation. In both cases the shells reach an inverted
con� guration on a stiffening � nal (third) equilibrium path having
associated symmetric deformation modes. In the unrestrained case
the � nal path is the second stable equilibrium path, whereas for
the simply supported cases this is the third stable path (caused by
bifurcationand a limit point). In general, the responseof the axially
simply supported shells is more complex (bifurcation and limit-
point buckling) and has higher critical loads than the response of
shells with free axial edges.

Damage Resistance
A primary objective of this work with regard to composite shell

damage resistance is to investigate the effect of bifurcation and the
associatedasymmetric deformationmodes on the resultingdamage.
As already discussed, asymmetric and atypical (with regard to ex-
tent and distribution) damage states at the loading site havebeen ob-
served for composite shells similar to those tested in this work.11, 28

Furthermore, the hypothesishas been made that asymmetric modes
could lead to damage formation away from the loading site. This
possibility is investigated in this work by sectioning the specimens
at three axial positions and searching for damage.

Symmetric damage, typical of that observed for plates, is found
through both sectioning and x-radiography techniques (see x ra-
diographs in Fig. 13) for the shells in this work. The two thicker
specimens that were damaged (T2 and T3) were not observed to
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Fig. 11 Comparison of experimental (top) and numerical (bottom)
load-de� ection results for specimen T1 with simply supported and free
axial boundary conditions.

bifurcate. Specimen type T1, which was observed to bifurcate into
asymmetric modes, was undamaged. Therefore, the specimens that
did damage were not observed to bifurcate and thereby did not ex-
perience asymmetric modes. Atypical damage states at the loading
site are thus not expected in such cases. Sectioning of specimen T1

did not reveal damage formation away from the loading site. Thus,
in regard to damage resistance, nothing atypical of that observed
previously for composite plates of the same material and geome-
try is observed in this work. However, this result is certainly not
conclusive based on the three specimen geometries considered in
this work, i.e., the hypothesisof damage away from the loading site
caused by asymmetric bifurcation modes has not been disproved.
The mechanism for atypical damage formation (bifurcation into
asymmetric modes) was observed; however, this specimen type T1

was undamaged during testing.
The � nding in the preceding section regarding loading-response

agreementbetween axially free and simply supportedshellshas im-
plicationsfor damage-resistancetesting of composite shells. Atypi-
cal damage found in previouswork with composite shells was noted
to occur on the � rst equilibrium path, likely because of the com-
pressive membrane stress state on this path.11 Investigation of this
atypical damage is of considerable interest as it is the key differ-
ence between plate and shell damage resistance, i.e., it represents
a signi� cant area of composite damage resistance that is not well
understood. Numerical and experimental results from this work in-
dicate that the response for the axially unrestrainedand simply sup-
ported shell con� gurations are similar in this region. Therefore,
unrestrained (traction-free boundary condition) shells, which are
straightforward to test relative to the simply supported con� gura-
tion, are likely to providedamage resistancedata that are applicable
to the more realistic (fuselage or similar structure) case. However,
this hypothesis requires further experimental evidence, particularly
in regard to damage, because it is based solely on observed similar-
ities in the loading response at this time.

Fig.12 Experimental load-de� ection results for specimensT2 (top)and
T3 (bottom) with simply supported and free axial boundary conditions.

Fig. 13 X-ray photographs of specimen type T2 (left) loaded to
1737 N (wc = 19.1 mm) and specimen type T3 (right) loaded to 2746 N
(wc = 16.6 mm).

Conclusions
The transverse loading response, particularly buckling and dam-

age resistance, of several composite shell structures is investigated
numerically (using � nite elements) and experimentallyin this work.
The shells are monolithic laminated graphite/epoxy structures hav-
ing geometric characteristics and boundary conditions representa-
tive of a commercial transport fuselage.Load-de� ection and mode-
shape results are used to characterize the composite shell response,
which includes bifurcation,limit-pointbuckling,dynamic collapse,
and three distinct stable equilibrium paths. The AMT is found to
be quite effective in evaluatingbifurcation from nonlinearprebuck-
ling states for shells in this work. The effects of specimen thickness
(three thicknesses) and axial boundary condition are particularly
explored, as well as effects from compliance of the test � xture in
the circumferential direction.

Whereas this investigation is limited to shallow, fuselagelike
shells, the presenceof bifurcationindicates that these shallowshells
display a buckling behaviorusually attributed to deep shells/arches.
Bifurcation into asymmetric modes is easily identi� ed in the shell
response via mode-shape evolutions acquired during testing. These
mode-shape evolutions, coupled with results from the numerical
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modeling, allow a much clearer interpretation of the experimental
loading response than would otherwise be possible. In particular,
these comparisons allow a premature transition to an adjacent bi-
furcation path to be identi� ed in the experimental data. Given the
numerical results, the most probable explanationis that a geometric
or loadingimperfection(likelyan asymmetry) inducesthe transition
to the secondarypath to occur early.This conclusionis supportedby
analysis wherein a geometric imperfection is included in the shell
model and the early transition is achieved.

Comparison of the experimental and numerical load-de� ection
responses shows that, in general, the experimental response is more
compliant than the predicted response. This is expected because
of experimental effects such as transverse shear, damage, and test-
� xture compliance, which are not included in the models. In partic-
ular, test-� xture complianceat the hinged circumferentialboundary
may inducea more compliant experimentalresponse,delayor elim-
inate bifurcation, and promote a symmetric limit-point response.
The effect of test-� xture compliance is more pronouncedfor thicker
specimens because the relative stiffness of the specimen to the test
� xture increases. Modeling re� nements such as the inclusion of
transverse shear should be explored to obtain improved predictive
capability.A second boundary condition effect is explored by com-
paring experimentaland numerical results for shells with either free
or simply supported axial edges. Shell response prior to bifurcation
of the axially free shells is in excellent agreement. In general, how-
ever, the response of the axially simply supported shells is more
complicated, involving multiple critical points and/or dynamic col-
lapse as well as highercritical loads than shellswith freeaxialedges.
These results are important from a design perspective because the
simply supported axial edges are a more realistic representationof
a fuselage than the free edges,but specimenswith free edges are of-
tentimes used as test articles because of simplicity. The recommen-
dation is made that the effect of other boundary conditions (such as
fully clamped)be exploredto bound the possiblerangeof responses,
particularly in regard to bifurcation and damage resistance.

No damage atypical of that previously observed for composite
plates was observed in this work, which is attributed to the lack of
observed asymmetric bifurcation modes in cases where the spec-
imens were damaged. Thus, no direct link can be made between
asymmetric bifurcationmodes and either asymmetric damage at the
loading site (which has been already observed) or damage away
from the loading site. Further investigation of damage away from
the loadingsite, or asymmetricdamageat the loadingsite, causedby
asymmetric (bifurcation) deformationmodes can be guidedby � nite
element analysesof shellswhere bifurcationis predicted.Combined
numerical and experimental investigationssuch as those suggested
herein will ultimately lead to a more re� ned predictive capability
for damage resistance of composite structures.
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